A finite element approximation is used to study the stability of steady-state solutions and the erratic behavior that is present in a problem of heat conduction through an elastic rod that may come into contact with a rigid wall. The quasi-static fully coupled theory of linear thermoelasticity is assumed and a heat exchange coefficient that depends on the pressure and the gap size is imposed across the region of contact.
Introduction
It was observed by Barber [1] , that for certain thermoelastic contact problems, the assumption of perfect thermal insulation when there is no contact and perfect thermal contact otherwise leads to the nonexistence of steady-state solutions. For this reason, Barber et al. [2] suggested the existence of a gap size and pressure dependent thermal resistance R to heat flow across the region of contact. Under this assumption, Barber et al. [2] and Pelesko [3] have found that, for a onedimensional rod that may come into contact with a rigid wall, multiple steady-state solutions can exist, some of which are stable and other unstable if the semi-coupled theory of thermoelasticity is valid.
The existence of more than one steady-state solution for the problem of heat transfer across the walls of a duplex tube was used by Srinivasan and France [4] to explain an apparently erratic heat transfer performance in a steam generator.
Contact problems are often solved using the semi-coupled theory which supposes that the temperature field does not depend on the stress and displacement fields. In this case, the temperature distribution is first computed by solving the heat equation and then used to determine the displacements. However, as explained by Carter and Booker [5] this assumption is not always satisfactory.
The purpose of this work is to investigate numerically the stability of steady-state solutions considering the fully coupled theory of thermoelasticity. In Section 2, we state the continuous problem and introduce a full set of material constants, and a standard nondimensionalization. In Section 3, we present the stability results of Barber et al. [2] and Pelesko [3] . The numerical method is discussed in Section 4. In Section 5 we describe two numerical simulations. In the first we explore the stability of steady-state solutions. In the second we present an example which shows the erratic behavior that is present in this problem; a small term representing noise incites a dramatic change in behavior.
Continuous problem
In this section we specify the mathematical model, write down a set of material parameters, and nondimensionalize the equations. We consider the longitudinal deformations of a one-dimensional homogeneous elastic rod that in its undeformed and stress-free state has the constant temperature T 0 and occupies the interval ½0; L. At its left end the rod is fixed to a wall at temperature T L while the right end is free to expand or contract and may come into contact with a rigid wall at distanceg and temperature T R . It is assumed that the deformations are due to thermal effects. Under the regime of linear thermoelasticity (see [6, 7] ) the governing equations for the temperature distributionhðx;tÞ and elastic displacementũðx;tÞ inside the rod consist of the equation for heat conduction coupled to the displacement equation
wherer ¼ ðk þ 2lÞoũ=ox À að3k þ 2lÞh is the stress and q, C p , K, a, k and l are positive constants related to the rod material. We have neglected the acceleration term in the second equation and are, thus, assuming that the quasi-static theory is valid. These equations are supplemented by initial conditions hðx; 0Þ ¼ T L þ T 0 h 0 ðxÞ;ũðx; 0Þ ¼ 0;
and boundary conditions. At the left edge we havẽ hð0;tÞ ¼ T L ;ũð0;tÞ ¼ 0;
and, at the free edge, the stress is compressive and the rod cannot penetrate the wall rðL;tÞ 6 0;ũðL;tÞ 6g;rðL;tÞðũðL;tÞ ÀgÞ ¼ 0:
The heat exchange between the rod and the rigid wall is, according to FourierÕs law, À e R oh ox ðL;tÞ ¼hðL;tÞ À T R ;
where e R is a function which will depend on the gap and the pressure at the right end. We introduce the following, standard [8] , change of variables to set the problem in a simpler nondimensional form:
We consider L, t c , r c , and T 0 to be characteristic dimensions. The system of equations becomes
where r ¼ u x À ah, with initial conditions hðx; 0Þ ¼ h 0 ðxÞ; uðx; 0Þ ¼ 0; 0 < x < 1; and boundary conditions hð0; tÞ ¼ 0; uð0; tÞ ¼ 0; Rh x ð1; tÞ ¼ h R À hð1; tÞ; t > 0; rð1; tÞ 6 0; uð1; tÞ 6 g; rð1; tÞðuð1; tÞ À gÞ ¼ 0; t > 0:
The nondimensional constants are
Using the material constants from the table of values we find that
Note that h R ¼ Oð1Þ since we will take T R ffi T 0 . A simplification that is often made (which we do not use here) is to uncouple the equations for the temperature and the displacement by omitting the term au xt . This is called the semi-coupled approach. We took K, a, k, E, and r from [9] and q from [7] . We estimated C p from k, K, and q starting with the equation for diffusivity;
We have not specified T R in Table 1 since we will vary it in our computations. Also, R will be a function of the stress and expansion at the right end of the rod. Note that the values for K, qC p , E, r, and a have been taken directly from Barber and ZhangÕs constants for aluminum (see [9, p. 695] ). Their temperatures are in the range 0-400°C as are ours. Our bar length L is slightly shorter than theirs which is around 0.3 m. We now discuss the definition of the R-function. Our development is similar to the one in [2, 3] . Noting that r is a constant with respect to x let R ¼ RðgÞ and gðtÞ ¼ rðtÞ þ g À uð1; tÞ:
Note that if g < 0 then we have contact (r < 0 and uð1; tÞ ¼ g) while if g > 0 we have separation (r ¼ 0 and uð1; tÞ < g). We will also find it useful to reformulate R in terms of a function F
Generally F will be a decreasing function and it will take on values that are Oð1Þ.
Stability considerations
In this section we summarize some of the results obtained by Barber et al. [2] and Pelesko [3] on the stability of steady-state solutions.
The solution to the associated steady-state problem
uð0Þ ¼ 0;r 6 0;ûð1Þ 6 g;rðûð1Þ À gÞ ¼ 0;
isĥðxÞ ¼ Ax,ûðxÞ ¼ aAx 2 =2 þrx, wherer ¼û x ð1Þ À aĥð1Þ and A ¼ h R =ð1 þ RÞ. Noting that g ¼r þ g Àûð1Þ ¼ g À 0:5aA we find thatĝ solves the equation 
Since F is typically decreasing Eq. (1) has at least one solution. Moreover, if h R is large (or small) enough, then this solution is unique. A thermal resistance curve obtained from experimental data is presented in [4, 9] . In Fig. 1 , the function F ðgÞ þ 2ðg À gÞ=ah R is plotted for three values of h R ; h R ¼ 1:59, 1.6 and 1.61. In the region where g < 0 ðg > 0Þ contact (separation) between the rod and the wall is observed. Now suppose thatĝ ¼ 0 solves Eq. (1). By performing a linear analysis and considering valid the semi-coupled theory, Barber et al. [2] have found that the elastic system undergoes a bifurcation from a linearly stable steady-state to multiple steady-states with alternating stability. They concluded in [2] thatĝ ¼ 0 gives rise to a stable solution if and only if
Further, if this condition is not satisfied, Eq. (1) has two other stable solutions. We refer also to the work of Pelesko [3] where the results of Barber et al. are verified through a nonlinear analysis. In Section 5 we will display the results of computations that provide evidence supporting these statements on stability. 
Numerical approximation
In this section we describe our finite element approximation procedure. It was shown by Andrews et al. [8] that the quasi-static problem decouples and can be formulated in terms of h only. The resulting initial-boundary value problem for the temperature is The existence and uniqueness of a strong solution to the contact problem when kðÁÞ ¼ 1=RðÁÞ is a function of gðtÞ, k 2 C 1 ðRÞ, follows from the work of Andrews et al. [8] . For the spatial discretization we let S h E denote the space of continuous piecewise linear functions defined on a uniform partition of the interval ½0; 1 into subintervals I j ¼ ðx jÀ1 ; x j Þ of length h ¼ 1=s, with 0 ¼ x 0 < x 1 < Á Á Á < x s ¼ 1, that are equal to zero at x ¼ 0. Using a semi-implicit Euler method to discretize time the problem which defines our numerical method is to find a sequence of approximations fH n g
where ðv; wÞ ¼ R 1 0 vðxÞwðxÞ dx, C n ¼ að1; H n Þ À g, ½v þ ¼ maxfv; 0g and Dt ¼ T =N . At each time step, the solution of Eq. (2) involves a nonlinear system of algebraic equations that was solved using the iterative procedure
with C n lÀ1 ¼ að1; H n lÀ1 Þ À g. The initial guess to H n was H nÀ1 and H 0 was the interpolant of h 0 . This numerical scheme was used and analysed in the paper by Copetti [10] for a similar problem but with k constant.
Numerical simulations
In this section we present the results of some numerical experiments. We first will examine the stability and bifurcation issues discussed in Section 3. We then show the results of some computations that reveal a possible mechanism for the ''erratic behavior'' sometimes attributed to this problem.
Stability issues
We examine a situation much like the one in [3] . Let F ðgÞ ¼ 0:5ð1 À tanhðQgÞÞ and note that g ¼ 0 solves Eq. (1) if and only if h R ¼ 1:6. The condition for stability becomes F 0 ð0ÞPÀ17:857. Thus, our equations are very much like those in [3] except we are handling the quasi-static instead of semi-coupled case.
First, we investigated the convergence to the steady-state solution when the above condition for stability is satisfied. We took Q ¼ 34 and initial condition h 0 ðxÞ ¼ 0:5 sin 0:75px and the stable solution obtained is that given byĝ ¼ 0, which is the so-called imperfect contact (r ¼ 0 and ûð1Þ ¼ g.) The numerical results are shown in Fig. 2 . The computer solution appears to converge to the steady-state which provides evidence that this state is stable. Next we performed two experiments with Q ¼ 36. In this case, Eq. (1) has three solutionŝ g ¼ À0:00430675, 0, 0.00430675, which correspond to three steady-state temperaturesĥ ¼ Ax with A ¼ 0:923, 0.8, 0.6769, respectively. The results of Barber et al. [2] predict thatĥ ¼ 0:8xðĝ ¼ 0Þ is unstable and that the other solutions are stable. In the first experiment, we took h 0 ðxÞ ¼ 0:801xðg ¼ À3:5 Â 10 À5 Þ to be a small perturbation of the steady-state h 0 ðxÞ ¼ 0:8x. The evolution of the system was towards the steady-state given byĝ ¼ À0:00430675 and contact between the rod and the wall was observed for all times.
In the second experiment with Q ¼ 36 we took h 0 ðxÞ ¼ 0:799xðg ¼ 3:5 Â 10 À5 Þ and the system evolved towards the steady-state given byĝ ¼ 0:00430675. In this case, there was no contact with the obstacle and at t ¼ 1000, uð1Þ % 0:023693 as expected.
These two experiments indicate that the solution corresponding toĝ ¼ 0 is unstable. Also, they show that small variations in g ¼ 0 can lead to configurations corresponding to either contact or separation between the rod and the wall, with distinct temperature distributions. Finally, we ran some experiments with the initial temperatures being perturbations of the steady-states temperatures associated toĝ ¼ 0:00430675 andĝ ¼ À0:00430675 and the results obtained indicate that these steady-states are stable. 
Erratic behavior
In Srinivasan and France [4] the erratic behavior of these problems is discussed in the context of superheaters in a steam generator system. In the computation in this section we provide an example of how small variations in the heat transfer function could lead to dramatic changes in the behavior of the system. The example we provide is somewhat contrived but still fits the framework very well.
Let F be defined by In our simulations we let h 0 ¼ 0:3x and
; t 6 500 or t P 4500;
h H 1þ
; 500 < t < 4500 ( with > 0, small. As expected, we observed that the solution u changes from a state with contact to a state with separation. However, from the simulations we inferred that as decreases, this process takes place under larger time scales. In Fig. 4 À7 was used to stop the iterative process; usually 2-4 iterations were needed on each time step.
